OPERATOR IDEALS AND APPROXIMATION PROPERTIES 
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(-vQ j Abstract. We use the notion of ^-compact sets, which are determined by a Banach op- 

erator ideal A, to show that most classic results of certain approximation properties and 
^v^j ' several Banach operator ideals can be systematically studied under this framework. We say 

q . that a Banach space enjoys the ^-approximation property if the identity map is uniformly 

approximable on .4-compact sets by finite rank operators. The Grothendieck's classic ap- 
proximation property is the /C-approximation property for /C the ideal of compact operators 
C*") ' and the ^-approximation property is obtained as the A/" p -approximation property for Af p 

the ideal of right p-nuclear operators. We introduce a way to measure the size of „4-compact 
sets and use it to give a norm on JCa, the ideal of ,4-compact operators. Most of our results 
concerning the operator Banach ideal K-a arc obtained for right-accessible ideals A. For 
instance, we prove that ICa is a dual ideal, it is regular and we characterize its maximal 
hull. A strong concept of approximation property, which makes use of the norm defined 
on /C_4, is also addressed. Finally, we obtain a generalization of Schwartz theorem with a 
revisited e-product. 
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The Grothendieck's classic approximation property is one of the most important prop- 
erties in the theory of Banach spaces. A Banach space has the approximation property 
if the identity map can be uniformly approximated by finite rank operators on compact 
sets. There are several reformulations of this property, all of them involving at least one 
of the concepts: compact operators or uniform convergence on compact sets. Ever since 
Grothendieck's famous Resume [16] and reinforced by the fact that there are Banach spaces 
which lack the approximation property (the first example given by Enflo [H]), important 
variants of this property have emerged and were intensively studied. The main developments 
on approximation properties can be found in [5j [18] and in the references therein. 

The main purpose of this article is to undertake the study of a general method to un- 
derstand a wide class of approximation properties and different ideals of compact operators 
which can be equally modeled once the system of compact sets has been chosen. To this end, 
we use a refined notion of compactness, given by a Banach operator ideal A, introduced by 
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Carl and Stephani pi] . Then, we say that a Banach space has the ^.-approximation property 
if the identity map is uniformly approximated by finite rank operators on ^4-compact sets. 
Also, the system of ^4-compact sets induces in a natural way the class of ^4-compact opera- 
tors, consisting of all the continuous linear operators mapping bounded sets into ^4-compact 
sets. This ideal, which we denote by K^, was introduced an studied in However, the 
authors do not emphasize their study from a geometrical point of view. Here, we introduce 
a way to measure the size of ^4-compact sets and then use our definition to endow Ka with 
a norm || • \\k, a1 under which it is a Banach operator ideal. 

The paper is divided in three parts. Fixed a Banach operator ideal A, we give the basics of 
^l-compact sets, then we study the ideal of .A-compact operators (/C4, || • \\k. a ) an ^ finally we 
apply the results obtained to study two natural types of approximation properties induced 
by A. To exemplify many of our results we appeal to the concept of p-compact sets, p- 
compact operators and the p and ^-approximation properties (see definitions below). More 
precisely, in Section [TJ we examine the class of ^.-compact sets in a Banach space E (K C E 
is relatively ^.-compact if there exist a Banach space X, an operator T G A(X; E) and a 
compact set M C X such that K C T(M)). We show that the definition can be reformulated 
considering only operators in A{i\] E). Also, we show that the class of p-compact sets fits 
in this framework for the ideal of right p-nuclear operators, M p . This fact and the notion 
of A- null sequences [I], allow us to solve a question posed in j9] which was also settled 
independently by Oja in her recent work |20j . 

Section [2] is devoted to the ideal of ^.-compact operators with an appropriate norm. Our 
main results are obtained for right-accessible ideals A, which include minimal and injective 
ideals (see definitions below). When A is right-accessible, we prove that /C.4 is a dual operator 
ideal, it is regular and we characterize its maximal hull. Also we show that coincides with 
the surjective hull of the minimal kernel of A. Then, different Banach operator ideals may 
produce the same ideal of compact operators. This is the case of M~, the dual ideal of the 
p-nuclear operators and n^, the dual ideal of the p-summing operators; both produce the 
ideal of p-compact operators, K p . As a consequence of our results, we give a factorization of 
K p in terms of and K the ideal of compact operators. The ideal JC P , also coincides with 
that of 7V p -compact operators and it is not injective [151 Proposition 3.4]. However, we show 
that any injective Banach operator ideal A produces an injective ideal K^- We finish the 
section with some results on ^-compact operators, with A d the dual ideal of A and apply 
our results to give some examples. 

Finally, the last section deals with two types of approximation properties related with 
.4-compact sets. The ^.-approximation property can be seen as a way to weaken the 
Grothendieck's classic approximation property. It is defined by changing the system of 
compact sets by the system of ^.-compact sets. For the particular case of Af p , we recover the 
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notion of ^-approximation property, which was studied for many authors in the last years, 
see for instance [21 El 0, HTl I2S] - We prove that a Banach space E enjoys the ^-approximation 
property if and only if the set of finite rank operators from F to E is norm-dense in )C^(F] E), 
for all Banach spaces F. If we take into account the norm || • \\/c A instead of the supremum 
norm, we obtain the s^l-approximation property, which is stronger than the ^.-approximation 
property In this case, when A is Af p , we recover the k p - approximation property, defined in 
[TO] and studied later in [T5J [T7J [19] . We study in tandem both types of approximation prop- 
erties and show that in general they differ. Also, we address the ^-approximation property 
in terms of a refined notion of the e-product of Schwartz. 

Throughout this paper E and F denote Banach spaces, E' and B E denote the topological 
dual and the closed unit ball of E, respectively. A general Banach operator ideal is denoted by 
("4, II -IU)- When the norm || • \\a is understood we simply write A. We denote by £, J 7 , T and 
K, the operator ideals of linear bounded, finite rank , approximable and compact operators, 
respectively; all considered with the supremum norm. Often, for x' G E' and y G F, the 
1-rank operator from E to F, x i— >■ x'(x)y is denoted by x'®_y. 

Along the manuscript, we use several classic Banach operator ideals such as the ideal of 
p-nuclear, quasi p-nuclear and p-summing operators, 1 < p < oo, denoted by Af p , QAI ' p and 
lip, respectively. The basics for these ideals may be found in [7], [33], [21] or [23]. Also, to 
illustrate our results, we appeal to the ideals of right p-nuclear operators J\f p , and p-compact 
operators JC p . To give a brief description of these ideals, we need some definitions. 

Fix 1 < p < oo, a sequence (x n ) n in E is said to be p-summable if Y^=i \\ x n\\ p < oo 
and it is said to be weakly p-summable if J2^=i \ x '( x n)\ p < oo, for all x' G E'. As usual, 
£ P (E) and £ p (E) denote the spaces of all p-summable and weakly p-summable sequences in 
E, respectively. Both are Banach spaces, the first one considered with the norm ||(x n ) n || p = 
(S^Li Il a; n|| p ) 1 ^ p and the second one with the norm ||(x n ) n ||p = sup {(Y^ =1 \x' {x n )\ p ) l ^ p } . 

x'£B E , 

For p = oo, we have the spaces c (E) and Cq (E) of all null and weakly null sequences of E, 
respectively. Both spaces are endowed with their natural norms. 

A mapping T G C(E; F) belongs to the ideal of right p-nuclear operators Af p (E;F), if 
there exist sequences (x' n ) n G P£{E') and (y n ) n G £ P (F), i + ^ = 1 (£p> = Cq if p = 
1), such that T = Y^=i x ' n ®Hn- The right p-nuclear norm of T is defined by v p {T) = 
inf{||«) re ||^ ;(£ ; ||(y n ) n ||^ (F) : T = ^° =1 x' n ®y n }. 

To describe p-compact operators, the notion of p-compact sets is required. Following [25] , 
we say that a subset K C E is relatively p-compact, 1 < p < oo, if there exists a sequence 
{%n)n G so that K C p-co{x n }, where p-co{x n ^ = {^2 n= iOt n x n '. (ft n ) n G B ip , } is the 

p-convex hull of (x„) n and - + = 1 (£ p i — cq if p — 1). With p = oo, we have the relatively 
compact sets and the balanced convex hull of (x n ) n , co{x n }. A mapping T G C(E;F) 



4 



SILVIA LASSALLE AND PABLO TURCO 



belongs to the ideal of p-compact operators JC P (E; F), if it maps bounded sets into relatively 
p-compact sets and K p (T) = inf{||(7/ n )|| p : T(B E ) C p-co{y n }} is the p-compact norm of T. 

All the definitions and notation used regarding operator ideals can be found in the mono- 
graph by Defant and Floret [7j. For further reading on operator ideals we refer the reader to 
the books of Pietsch [2T] , of Diestel, Jarchow and Tonge [13] and of Ryan [23] . For further 
information on approximation properties, we refer the reader to the survey by Casazza [5] 
and to the book of Lindenstrauss and Tzafriri [18], see also [12] and [23] . 

1. On compact sets and operator ideals 

Fix a Banach operator ideal (A, ||-|U)- Following [1] , a set K C E is relatively ^4-compact 
if there exist a Banach space X, an operator T G A(X; E) and a compact set M C X such 
that K C T(M). A sequence (x n ) n C E is ^.-convergent to zero if there exist a Banach 
space X and T G A(X; E) with the following property: given e > there exists n £ G N such 
that x n G eT(Bx), for all n > n E . There is a handy characterization of -4,-null sequences. 

Lemma 1.1. [U Lemma 1.2] Let E be a Banach space and A a Banach operator ideal. 
A sequence (x n ) n C E is A-null if and only if there exist a Banach space X , an operator 
T G A(X; E) and a null sequence (y n )n C X such that x n = T(y n ), for all n. 

The following characterization of ^4-compactness was extracted from [U Section 1] . 

Theorem 1.2. Let E be a Banach space, K C E a subset and A a Banach operator ideal. 
The following are equivalent. 

(i) K is relatively A- compact. 

(ii) There exist a Banach space X and an operator T G A(X; E) such that for every 
e > there are finitely many elements zf G E, 1 < i < k e realizing a covering of K: 

(iii) There exists an A-null sequence (x n ) n C E such that K C col^}. 

Example 1.3. Compact sets are K-compact sets and p- compact sets are M v -compact sets. 

Proof. Let K C E be a p-compact set, then K C p-co{x n } = {J2^=i a nX n - G B^,} 

with (x n ) n in £ p (E) and ^ + ^ = 1 (V = c if p = 1). Take f3 = (f3 n ) n G B co such 
that (j L ) n £ £p{E). Let y n = ^ and (e^)„ the sequence of coordinate functionals on 
^ p /. Define T: £ p i E the linear operator by T = 5^^=i e 'n®3Jn- Then, K C T(M) with 
-M" = {(a n /3n)n. : (ttn)n G }• The result follows by noting that T G Af p (£ p/ ]E) and 
A/ C is relatively compact. □ 

Recently, Delgado and Pineiro [9] define p-null sequences, p > 1, as follows. A sequence 
(x n ) n in a Banach space is p-null if, given e > 0, there exist n G N and (zk)k £ £ B ip ( E } 
such that x n G p-coj^} for all n > no- In [HI Theorem 2.5 ], p-compact sets are characterize 
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as those which are contained in the convex hull of a p-null sequence. Then, the authors 
prove, under certain hypothesis on the Banach space E, that a sequence is p-null if and only 
if it is norm convergent to zero and relatively p-compact, [HI Proposition 2.6]. Also, they 
wonder if the result remains true for arbitrary Banach spaces. We give an affirmative answer 
to this question as an immediate consequence of the above results. 

Corollary 1.4. Let E be a Banach space and 1 < p < oo. A sequence (x n ) n C E is p -null 
if and only if (x n ) n is norm convergent to zero and relatively p-compact. 

Proof. By Example 11.31 the definition of p-null sequences coincides with that of .4-null 
sequences for A = M p . Then, the result follows from [H Lemma 1.2] and the equivalence (i) 
and (iii) of Theorem 11.21 □ 

When this manuscript was complete we learned that E. Oja has also obtained Corollary II. 41 
She gives a description of the space of p-null sequences as a tensor product via the Chevet- 
Saphar tensor norm. As an application, the result is obtained [201 Theorem 4.3]. 

Now, we introduce a way to measure the size of relatively *4.-compact sets. Let K C E be 
a relatively .A-compact set we define 



where the infimum is taken considering all Banach spaces X, all operators T £ A(X; E) and 
all compact sets M C Bx for which the inclusion K C T(M) holds. 

There are some properties which derive directly from the definition of m A . For instance 
m^(K;E) = m^(co{K}; E). Also, since \\T\\ < \\T\\j_ for any Banach operator ideal A and 
T £ A(X; E) then, sup^g^- < mj^{K\ E). Moreover, if B is a Banach operator ideal such 
that A C B, a set K C E is £>-compact whenever it is A-compact and m^K; E) < m^(K; E). 

Remark 1.5. Example 11.31 shows that given a sequence (x n ) n £ £p{E), there exist an 
operator T £ Af p (£ p '] E) and a relatively compact set M C B% , such that p-co{x n } = T(M). 
Moreover, fixed e > 0, we can choose T such that ||(x n ) n || p < ||T||_^ P < ||(x n ) n || p + e. Then, 
if K C E is p-compact, 



Note that m_\f P recovers the size of p-compact sets defined in [T5| Definition 2.1]. Also, 
note that if F is a Banach space containing E, any set K C E is ^4-compact as a set of F 
whenever it is ^4-compact as a set of E, and m^(K; F) < m^(K; E). However, the definition 
of m-A may depend on the space the sets are considered, as it is shown in [T5| Corollary 
3.5]. We will prove, with additional hypotheses on A, that the m^-size of an ^4-compact 
set remains the same, see Corollary 12.81 f° r an Y P a h of Banach spaces E and F such that 
E C F, and Corollary 12.151 for the special case when F = E" . 



m A (K;E) 



inf{||T|U: K C T(M), T £ A{X; E) M C B x ], 



mtf P {K\ E) 



inf{||(x n )|| p : K C p-co{x n }}. 
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The next result shows that the definition of ^.-compact sets (and therefore the size m A ) 
can be reformulated considering only operators in A(£i, E). 

Proposition 1.6. Let E be a Banach space, K C E a subset and A a Banach operator 
ideal. The following are equivalent. 

(i) K is relatively A- compact. 

(ii) There exist a Banach space X, operators T £ A(X;E) and S £ JF(i\\X) and a rela- 
tively compact set M C such that K C T o S(M). Moreover, 

m A (K; E) = inf{||T|U||5|| : K C T o S(M); M C B h }. 

where the infimum is taken over all Banach spaces X , operators T and S and sets M 
as above. 

Proof. First note that any set K as in (ii) is relatively ^.-compact. Indeed, suppose that 
there exists a Banach space X such that K C T o S(M) for T £ A(X; E), S £ T{1\ \ E) and 
M C B tl relatively compact. Then, K C ||5'||T( ' 5 |^^ ) with C Bx a relatively compact 
set. Also, m A {K-E) < ||S||||T|U 

For the converse, since K C E is relatively ^.-compact, given e > there exist a Banach 
space X, a compact set L C Bx and a operator T £ A(X; E) such that K C T(L) and 
II^IU < m A(K;E) + e. Since L C -Bx is compact, there exists a sequence (y n ) n £ c (X) 
such that L C {Y^=i a nyn'- (« n ) n £ -B^} and sup neN \\y n \\ < 1 + £. Choose a sequence 
{Pn)n e B co such that (|^) n £ cq(X) and sup„ 6N ||^|| < sup neN ||?/ n || + e < 1 + 2e. Call 
z n = ^ and M = {{^ n )n £ ^i : 7n = /3n«n, («„)„ £ 5^}. Note that M C 5^ is a relatively 
compact set. Define the operator S: 1% — > X as S(j n ) = X^iTn- 2 "- Since S(Be 1 ) C co{z„} 
and £[ has the approximation property, S is approximable and 1 1 *S r 1 1 < sup ngN \\z n \\ < l + 2s. 
Moreover, 

oo oo 

S{M) = {^7„z n : (j n ) n £ M} = {^a n y n : (a n ) n £ B £l }, 

n=l n=l 

then L C S(M) and 

if C T(L) cToS(M). 

We also have 

\\T\U\\S\\ < ||T|U(1 + 2e) < (^(if; B) + e)(l + 2e), 
and the result follows by letting £ — >• 0. □ 

Corollary 1.7. Let E be a Banach space, K C E a subset and A a Banach operator 
ideal. Then, K is relatively A-compact if and only if K is relatively A o J- '-compact and 
m A (K;E) = m AoT (K;E). 
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Proof. Since A o F c A, every relatively A o ^-compact set is relatively A-compact and 
m A (K; E) < m Ao y(K\E). The other implication is given by the item (ii) of the above 
proposition, which also gives that 

m A (K;E) = mi{\\T\\ A \\S\\: K C T o S(M); M C B h } 
> inf{||T|m|5|| : K C T o S{M); M C B F } 
= m AoT {K-E) 

and the proof is complete. □ 

Corollary 1.8. Let E be a Banach space, A a Banach operator ideal and K C E a relatively 
A-compact set. Then, 

m A (K; E) = mi{\\T\\ A : K C T(M), TeA(£i]E) and M C B tl }, 

where the infimum is taken over all operators T G A(£i] E) and all relatively compact sets 
M C B tl such that K C T(M). 

Proof. With standard notation, Proposition 11.61 gives 

m A (K; E) = inf {||T|m|,S|| : K C T o S(M); M C B h } 

> M{\\T\\ A : K CT{M); M C B h } 

> MK;E), 

which proofs the result. □ 

2. The ideal of ^.-compact operators 

Associated to the concept of ^4-compact sets we have the notion of .A-compact operators, 
which generalizes that of compact operators. An operator T G C(E; E) is said to be A- 
compact if T(B E ) is a relatively A-compact set in F, [H Definition 2]. The space of A- 
compact operators, denoted by JC A , becomes an Banach operator ideal if endowed with the 
norm defined, for any T G K. A (E; F), by 

\\T\\ KA = m A (T(B E );F). 

With Example 11.31 and Remark 11.51 we obtain our first example. 

Example 2.1. The ideal K v and the ideal of N p - compact operators coincide isometrically. 

We propose to study some properties enjoyed by K A and by the operator ideals obtained 
by the procedures 

A^A\ A^A mtn , A^A max , A^A sur , A ->■ A inj , A^A reg . 

The definitions of these procedures will be given opportunely. We start by recalling the dual 
ideal of A, A d . Given T G £ denote its adjoint by T', then A d (E; F) = {T G C(E; F):T'e 
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A(F',E')} and \\T\\ A d = \\T'\\ A . Also, recall that the minimal kernel of A, A min is the 
composition ideal A mm = F o A o F considered with its natural norm. The ideal is said to 
be minimal if A = A mm , isometrically. 

Most of our results are obtained for right-accessible operator ideals. By [7J Proposi- 
tion 25.2 (2)] we may consider right-accessible Banach operator ideals as those which satisfy 
A min = A o F, isometrically. By [7J Corollary 21.3] the left-accessible Banach operator 
ideals as those satisfying that its dual operator ideal is right-accessible. Also, A is totally- 
accessible if for every finite rank operator T G C(E; F) and e > there exist Y C F a 
finite-dimensional subspace, X G E a, subspace of finite-codimensional and S G C(E/X;Y) 
such that T = I f SQe and \\S\\ A < (1 + e) HT^, where Q F '- E — >• E/X and I F : Y — > F are 
the canonical quotient mapping and the inclusion, respectively. If A is totally-accessible then 
it is right and left-accessible, see 21.2]. Also, any minimal ideal is right and left-accessible, 
Corollary 25.3]. 

2.1. On .4-compact operators related with surjective and injective hulls. Recall 
that an operator T G C{E;F) belongs to the surjective hull of A{E;F), A sur {E;F), if 
and only if T o q E belongs to A where q F ' ^i(Be) -» E is the canonical surjection and 
llT^sm- = \\T o <£e||.a. On the other hand, an operator T G £(E; F) belongs to the injective 
hull of A{E;F), A inj {E;F), if and only if i F o T G A, where l f : F ^ £oo{B F ') is the 
canonical injection and ||T||^inj = \\l f o T\\j_. The ideal A is surjective if A = A sur and 
it is injective if A = A m \ isometrically. Any injective ideal is right-accessible while any 
surjective ideal is left-accessible [3 21.2]. 

In [U Theorem 2.1], the operator ideal JC A is described in terms of A sur via the identities: 
JC A = (A o JC) sur = A sur o JC. Then, we have two direct consequences. First, JC A = JCic A , 
and the process only may produce a new operator ideal the first time it is applied. Also, JC A 
is surjective. From this second fact we observe that the ideal of nuclear operators M does 
not coincide with /C4, for any Banach operator ideal A. With the next proposition we give 
a slight improvement of [U Theorem 2.1] by considering approximable instead of compact 
operators. 

Proposition 2.2. Let A be a Banach operator ideal. Then 

K-A = K-aot = (<A ~F) sur = -A sur isometrically. 

Proof. The isometric result is obtained by using the definition of || • \\jc a along the proof of jU 
Theorem 2.1]. An application of Corollary 11.71 completes the proof. □ 

Corollary 2.3. Let A be a right- accessible Banach operator ideal. Then, 

K A = (A min ) sur , isometrically. 
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Proposition 2.4. If A is right- accessible, then /C4 is totally- accessible. In particular, 

}C A = (}Cf n ) sur , isometrically. 

Proof. By Proposition E2 K.A = A sur o K. ha A is right-accessible, by Ex 21.1], A sur is 
totally-accessible. Also, JC is injective and surjective, then /C is injective and left-accessible, 
[3 21.2]. Hence, by j?l Proposition 21.4], K.^ is totally-accessible. Now, since /C_4 = 1Cjq a 
and /C_4 is totally-accessible, a direct application of Corollary 12.31 gives the result. □ 

Notice that for A and B two Banach operator ideals such that A sur = B sur , Proposition [52] 
gives ICjx = JCg. If, in addition, A and B are right-accessible and A mm = B mm , then we 
also have /C_4 = /Cg. Combining this two facts, we obtain different descriptions of the ideal 
of p-compact operators and a factorization via the dual ideal of the p-summing operators. 
This last result was recently also obtained by Ain, Lillemets and Oja [U Corollary 4.9] 
independently. 

Example 2.5. Let 1 < p < oo. The following isometric identities hold. 

(a) JCp = (/C™ n ) sur . 

(b) K. p = JC U d = JC^fd. 

(c) /c p = n^o/c,. 

Proof. By [T5J Proposition 3.9], K. p is totally-accessible. Then, an application of Corollary [231 
gives )C P = (JC p nm ) sur , and (a) is obtained. 

To prove that JC P = JC U d, note that as a consequence of [151 Proposition 3.9], both ideals 
jQmin anc j (Tj<^mm coi-n^e isometrically. Also, 11^ is totally-accessible [T5l Remark 3.7]. 
Then, using (a) and Corollary 12.31 we have K, p = (U p l ) mm sur = JCjjd. For the other iden- 
tity, note that M p = {M^) min . Since Af p is left-accessible, Af p is right-accessible. Another 
application of Corollary E3] gives K N a = (A" p d ) min sur = M p sur = K p , and (b) is proved. 

Statement (c) is a direct application of (b) and Proposition 12.21 In fact, IT^ is a surjective 
ideal and therefore K p = JC^d = H p o K, holds isometrically. □ 

In general, JC^ is not an injective ideal (consider, for instance, the ideal of p-compact 
operators [151 Proposition 3.4]). However, an injective ideal A gives an injective ideal of 
^.-compact operators. To show this, we need a preliminary lemma. Although, we believe 
that it should be a known result, we have not found it in the literature as stated here and 
we prefer to include a proof. 

Lemma 2.6. Let A be a Banach operator ideal. Then, (A m: > mm y ur = ( y A mm lTl iy ur ; iso- 
metrically. 

Proof. Let E and F be Banach spaces. An operator T belongs to (A m i mm y ur ^E\ F) if and 
only if c[e°T G A %n i mm {i\{BE)\ F), where q% : £i(Be) -» E is the canonical surjection. Since 
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(£i(B E ))' has the approximation property, by [7J Proposition 25.11.2], A inj mm (£i(B E ); F) = 
A min W^Be^F) isometrically. Therefore, q E o T G A min inj (£i(B E ); F). Equivalently, 
T G (A min in i) sur (E; F), which proves the lemma. □ 

Proposition 2.7. Let A be an injective Banach operator ideal then, K A is also injective. 
That is, 

/C_4 = /C^ J , isometrically. 

Proof. Since A is injective, it is right-accessible. Applying Corollary 12. 3[ [2T| Proposi- 
tion 8.5.12] and Lemma [2.61 we get 

All the identities are isometric identifications, thus the proof is complete. □ 

Notice that there are non injective Banach operator ideals that may induce an injective 
ideal of compact operators, this is the case of F and Ky = fC. For operators ideals A such 
that K A is injective, we show that a set is ^.-compact regardless it is considered as set of a 
Banach space F or as set of a closed subspace E of F, with equal size. 

Corollary 2.8. Let E be a Banach space, K C E a subset and A a Banach operator ideal 
such that /C_4 is injective. Then, K is relatively A-compact in E if and only if K is relatively 
A-compact in F, for every Banach space F containing E. Moreover, m A (K; E) = m^(K; F). 
In particular, the result applies to any injective Banach operator ideal A. 

Proof. One implication is clear. For the other one, let i : E F a metric injection such that 
l(K) C F is relatively ^4-compact. We may assume that K is convex, balanced and closed. 
Since, K is compact, by [231 Lemma 4.11], there are a Banach space G and a operator 
T G C(G; E) such that T(B G ) = K. Then, i o T G K, A {G;F). Since K A = K% j , K is 
relatively ^4-compact in E and m A (K; E) = m A (K; F). □ 

2.2. On the maximal hull of ^4-compact operators. We examine the maximal hull of 
/C^4 for right-accessible ideals A. The maximal hull of A, A max consists of all the operators 
T such that R o T o S G A for any approximable operators R and S and || TU^ma* = 
sup{ || i? o T o S\\a'- \\R\\, \\S\\ < 1}. The ideal is maximal if A = A max , isometrically. 

Proposition 2.9. Let A be a right- accessible Banach operator ideal, then 

KJl ax = (A max ) sur , isometrically. 

In particular, if A is maximal, then JCj^ = A sur . 
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Proof. Any Banach operator ideal satisfies the isometric identities: (J\ max ) sur — ^j[ sur ) max 
and (A min ) max = A max , see [21] Proposition 8.7.14] and (2D Proposition 8.7.15]. Now, by 
Corollary 12.31 we have 

The following corollary follows from Proposition 12.21 and Proposition 12.91 

Corollary 2.10. If A is right- accessible and maximal then 

JC A = K, A ax o JC, isometrically. 

When we apply the above results to the ideal of p-compact operators, we obtain [22| 
Theorem 11] and [221 Theorem 12], see also [T5l Corollary 3.6]. 

Example 2.11. For 1 < p < oo, the following isometric identities hold. 

(a) IC r p nax = nj. 

(b) (JC d p ) max = U p . 

Proof. By [2H Proposition 8.7.12], (A d ) max = (A max ) d , for any ideal A. Then, statement (b) 
follows from (a). To prove (a), note that 11^ is maximal and surjective, thus we have the 
result from Example 12.51 item (b) and Proposition 12.91 □ 

2.3. On the regular hull of /C^ and dual operator ideals. The dual ideal of any Banach 
operator ideal is regular [71 Ex. 22. 6]. Now, we show that the regular hull of K.^ is a dual 
operator ideal. Let us recall the definitions. The regular hull of A, A re9 , is the class of all 
T e £{E; F) such that J F o T G A(E; F") and \\T\\ A r. g = || J F o T\\ A , where J F : F -> F" is 
the canonical inclusion. The operator ideal A is regular if A = A re9 , isometrically. 

Proposition 2.12. Let A be a Banach operator ideal. Then, 

K, 1 ^ 9 = /Cjf, isometrically. 

Proof. We always have K d A C JC A g , with || • < || ■ \\ K dd. For the other inclusion, let E 
and F be Banach spaces and take T e K. A 9 (E; F). In particular, T is a compact operator. 
Thus, 



T"{B E „) C J F o T(B E ) = J F o T(B E ). 
Then, T" E JC A (E";F"). Moreover, 



ll T ll^ d = II^'IIka < m A (J F oT(B E );F") = \\.I f oT\\ Ka = ||T||^, 
and the isometric result holds. □ 



For right-accessible ideals we have the following. 
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Proposition 2.13. Let A be a right- accessible Banach operator ideal, then K,^ is regular. 
That is, 

K>A — K-a 9 '> isometrically . 

Proof. We always have /C_4 C KJ^ 9 and || ■ ||jc re9 < || • \\ka- Now, let E and F be Banach 
spaces and T G IC r ^ 9 (E; F), then J E o T E Ka(E; F"). Since ^4 is right-accessible, by 
Corollary EHl J F oT e (A min ) sur (E; F"). By Proposition 9.8], if ^: -» £ 

is the canonical surjection, then J F o T o q E g A mm (£i(B E ); F"). As the dual of i\(B E ) 
has the approximation property, by [7J Corollary 22.8.2], T o q E G ^4 mm (^ 1 (5 £ ;); F) and 
|| JpoTo^mmm. Another application of [3 Proposition 9.8] and Corollary E31 
gives that T G (A min ) sur (E; F) = IC A (E; F) and ||T||^ = ||T||^ S . □ 

As a consequence of the above, we prove that whenever A is right-accessible, Kj± is a dual 
operator ideal. 

Proposition 2.14. Let Abe a Banach operator ideal. Then, K>a C /C^f and || • || K dd < || • ||/c A . 
Moreover, if A is right-accessible, then 

JC_a = , isometrically. 

Proof. Since /C^ C /C^ 9 and || • \\x: re " < II " |k^, the first statement holds by Proposition 12. 121 
For a right-accessible ideal A, an application of Proposition 12.131 completes the proof. □ 

For operator ideals A such that Kj, is regular we can show that a set K is ^-compact 
regardless it is considered as a subset of a Banach space £ or as a subset of its bidual 
E", with equal size. For p-compact sets, this was shown in [T5| Theorem 2.4], see also [XT] 
Corollary 3.6]. 

Corollary 2.15. Let E be a Banach space, K C E a subset and A be a Banach operator 
ideal such that K.^ is regular. Then, K is relatively A- compact if and only if K C E" is 
relatively A-compact and m A (K; E) = m A (K; E"). 

In particular, the result applies to any right- accessible Banach operator ideal A. 

Proof. The result is obtained with a similar proof to that given in Corollary 12.81 □ 

2.4. On the ideal of .A^-compact operators. When we consider a left-accessible ideal 
A and inspect the ideal of ^-compact operator, we can push a little bit further. We finish 
this section with two results that we apply to recover some relations satisfied by the ideals 
of p-compact and quasi p-nuclear operators. We need a preliminary lemma. 

Lemma 2.16. Let A be a Banach operator ideal. Then, (A d min y uT = ( K A mm d ) sur , isomet- 
rically. 
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Proof. The same proof given in Lemma [2.61 works here using [7J Corollary 22.8.1] instead of 
[3 Proposition 25.11.2]. □ 

Proposition 2.17. Let A be a left-accessible Banach operator ideal. Then 
K, Ad = {A min inj ) d , isometrically. 

Proof. Since A d is right-accessible, we apply Corollary 12. 3[ the above lemma and [211 Theo- 
rem 8.5.9] to obtain the isometric identities 

^ A d m '' n y sur (^A m ^ n ^y sur (^A m ^ n * n ^^ i — i 

Proposition 2.18. Let A be a left- accessible Banach operator ideal. Then 

)C d Ad = A mininj , isometrically. 

Proof. One inclusion is obtained by Proposition 12.171 and the fact that injective ideals are 
always regular, then 

j^d ^j^min inj^dd ^— ^j^min inj^reg j^miri inj 

For the reverse inclusion, notice that A mm = (A dd ) mm C (A mm ) dd , for any A. Now, consid- 
ering the injective hulls and applying [2TJ Theorem 8.5.9], we obtain 

j^rnin inj ^— ^ j^min dd'ynj ^— ^^™ n d\sur\d 

By Lemma [2.161 and Corollary 12.31 

All the inclusions considered are given by contractive maps, which completes the proof. □ 

We illustrate the above propositions with the following examples. In particular, the third 
statement recovers a result of [26, Corollary 3.2]. The other two identifications appear in 
H5 and U5]. 

Example 2.19. Let 1 < p < oo. The following isometric identities hold. 

(a) K p = QM d p . 

(b) }C d p = QMp. 

(c) K* = (Uf n Y^. 

Proof. By Example 12.51 (a), write JC P = Kj^a. Note that M p is minimal, hence it is left- 
accessible. Now we use thta M p = QM l p 3 with Proposition 12.171 to obtain (a) and with 
Proposition 12. 181 to obtain (b). For the proof of (c), by Example 12.51 (b). write JC P = JC U d. 
Now, use that LL is left-accessible and Proposition 12.181 . □ 
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3. Approximation properties given by operator ideals 

In this section we study two different types of approximation properties defined through 
.A-compact sets. To this end we consider two different topologies on C(E; F). 

Definition 3.1. Let A be an operator ideal. On C(E; F), we consider the topology of uniform 
convergence on A-compact sets, t^, which is given by the seminorms 

Qk(T) = sup ||T(x)||, 

where K ranges over all A- compact sets. When F = C, we simply write E' A = {C(E; C); tj). 

Note that if A = /C we obtain E' c , the dual space of E endowed with the topology of 
uniform convergence on compact sets. 

The other topology we consider is induced by the size of the A-compact sets m A , defined 
in Section [TJ 

Definition 3.2. Let A be an operator ideal. On C(E;F), we define the topology of strong 
uniform convergence on A-compact sets, t s a, which is given by the seminorms 

q K (T) = m A (T(K);F), 

where K ranges over all A-compact sets. 

The following statements have straightforward proofs. 

Remark 3.3. Let A be a Banach operator ideal and let E and F be Banach spaces. 

(a) The topologies t s jc and tjc coincide on C(E;F). 

(b) The topologies t sA and ta coincide on C(E; C). 

(c) Id: (C(E; F),T sy x) — > (C(E; F),ta) is continuous. 

(d) Id: (C(E; F),tb) —> (£(E; F), tj) is continuous, for any Banach operator ideal B such 
that AC B. 

Based on the Grothendieck's classic approximation property we have the following defini- 
tions. 

Definition 3.4. Let E be a Banach space and A a Banach operator ideal. 

We say that E has the A- approximation property if T{E\ E) is r^-dense in C(E;E). 
Also, E has the (strong) s A- approximation property if F(E; E) is r sA -dense in C(E;E). 

It is clear that the /C, the sK and the classic approximation properties coincide for any 
Banach space. Also, the classic approximation property implies the ^-approximation prop- 
erty, for any A. However, it may not imply the ^-approximation property, see Example 13.51 
(a) below or the comments below Proposition 3.10 in [15] . From Remark 13.31 (c). we see that 
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the s.4-approximation property is stronger than the ^.-approximation property, although 
the converse might be false as Example 13.51 (a) below shows. Furthermore, if A and B 
are two Banach operator ideals and A C B, from Remark 13.31 (d), the B- approximation 
property implies the ^.-approximation property. Nonetheless, a Banach space may have the 
s£>-approximation property and fail to have the ^-approximation property, see Example 13.51 
(b). 

Notice that 7V p -approximation property is the p-approximation property introduced by 
Sinha and Karn in [25] and then studied in [21 0, El EE]- On the other hand, the sM p - 
approximation property coincides with the k p - approximation property defined by Delgado, 
Pineiro and Serrano (see [TOj Remark 2.2]) and studied later in [T5l [T71 [T9] . In many cases, 
the sM p and the 7V p -approximation properties coincide. This happens, for instance, on any 
closed subspace of L p (fi). Moreover, in any closed subspace of L p (fi), the sAf p - approximation 
property coincides with the JC- approximation property [19], Theorem 1]. However, these 
properties may differ as it is summarized below. 

Example 3.5. Let 1 < p < 2. There exists a Banach space 

(a) with the sM p -approximation property which fails to have the approximation property. 

(b) with the N p -approximation property which fails to have the sM p -approximation property. 

(c) with the sN 2 -approximation property which fails to have the sN p - approximation prop- 
erty. 

Proof. Fix 1 < q < 2 and let X be a subspace of £ g , without the approximation property. 
Note that X is reflexive and has cotype 2. Now, combining the comment below [7J Propo- 
sition 21.7] and [TQl Corollary 2.5] we see that X' the k p - approximation property for any 
1 < p < 2. Then, E = X' is an example satisfying (a). 

If 1 < p < 2, every Banach space has the M p - approximation property [25"1 Theorem 6.4]. 
But given 1 < p < 2 there exists a Banach space which fails to have the sAf p - approximation 
property [TQl Theorem 2.4]. Which proves (b). 

Finally, every Banach space has the sA/" 2 -approximation property [TQl Corollary 3.6], but 
given 1 < p < 2 there exists a Banach space which fails to have the sM p - approximation 
property, which proves (c). □ 

3.1. On finite rank and compact operators and approximation properties. Now, 
we inspect the A and the ^-approximation properties in relation with the ideal of finite 
rank and compact operators. The first proposition refines a classical result on approximation 
properties and finite rank operators. Its proof is standard and we omit it. 

Proposition 3.6. Let E be a Banach space. The following are equivalent. 
(i) E has the A- approximation property (s A- approximation property) . 
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(ii) Id £ F{E; E) TA (Id £ T{E\ E) TsA ). 

(iii) For every Banach space F, F(E;F) is r^-dense (r s j^-dense) in C(E;F). 

(iv) For every Banach space F, F(F;E) is r^-dense (r s j,-dense) in C(F;E). 

A Banach space E has the approximation property if and only if the space of finite 
rank operators from any Banach space F into E is norm dense in the ideal of compact 
operators. The analogous result remains valid for the ^.-approximation property and the 
sA- approximation property. Here, the ideal of *4-compact operators replaces /C. 

Proposition 3.7. Let E be a Banach space and A a Banach operator ideal. The following 
are equivalent. 

(i) E has the A- approximation property. 

(ii) For all Banach spaces F, F o K A (F; E) is ||.|| -dense in JC^(F;E). 

(iii) For all Banach spaces F , J-(F; E) is ||.|| -dense in )Ca(F; E). 

Proof. To prove that (i) implies (ii) take T £ )Cj\_(F; E) and e > 0. Since T(Bp) is relatively 
^4-compact and E has the ^.-approximation property, by Proposition 13.61 there exists S £ 
J-'lE; E) such that sup x£ t(b f ) \\^ x ~ x \\ — £ - Then, \\ST — T\\ < e and (ii) holds. 

The inclusion To K, A c T proves that (ii) implies (iii). To show that (iii) implies (i) take 
K C E an ^4-compact set and e > 0. There exist a Banach space G, an absolutely convex 
compact set L C G and an operator T £ A(G; E) such that K C T(L). Now, we may 
find an absolutely convex compact set L C G, a Banach space F and an injective operator 
i £ C(F; G) such that L C L and i(Bp) = L, see for instance [231 Lemma 4.11]. In particular 
% is a compact operator and i~ x (V) C Bp is compact. 

Consider the following diagram 

F G — - E 




F/kerT o i 



where q is the quotient map and T oi = T o io q. Since T o ^Bp/^Toi) = T o i(Bp) = T(L) 
is an ^4-compact set, then T o i £ JC^F/kerT o %\ E). By hypothesis, there exists a finite 
rank operator S: F/kerT o i — y E, with \\S — T oi\\ < e/2. Write S = YTj=iy'j® x j w ith 
Xi,...,x n £ E and y[, . . . , y' n £ (F/ker T o i)'. To find R: E — )■ F a finite rank operator 
approximating the identity on F, note that g(i _1 (L)) C F/kerT o z is compact. Then, for 
5 = e/2 Ylj=i \\ x j\\ t & ke x[, . . . , x' n £ E' such that 

sup |^H-(r^)'(x;.)HI<5, 

u;6g(i _1 (L)) 
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for all j = 1, ... , n, and define R by R = Ej=i Then, 

sup xeK \\(Id-R)(x)\\ < snp yeL \\(Id-R)(Ty)\\ 

= SU PyeL \\(Tot-RoTot)(i~l(y))\\ 

< sup, eL \\(Toi-So 9 )(r%))|| + sup yeL o q - R o T o i)(r%))||. 

On one hand we have 

sup yeL ||(Toi- S oq)(i~\y))\\ < sup zeBp \\(T o i - S o q)(z)\\ 

< ™ PweBF/keiT J(Toi-S)(w)\\ 



= \\S — T o 

On the other hand, 

sup yeL \\(S oq — RoT o 0(« -1 (j/))|| = sup,^ ||(£" =1 Vj ° Q®Xj - T^=i_ x 'j oTo 

< Ej=i su P^ 6g (i-i(i)) l^'H ~ T ° A^OMIINI 

< E"=i 5 INI- 

Therefore, sup^.^ \\(Id — R)(x)\\ < e, proving (i). □ 



The analogous result concerning the ^-approximation property requires the norm ||. lim- 
its proof is similar to that given above and we omit it. 

Proposition 3.8. Let E be a Banach space and A a Banach operator ideal. The following 
are equivalent. 

(i) E has the s A- approximation property. 

(ii) For all Banach spaces F , J 7 o /C^(F; E) is \\.\\ic A - dense in K.^(F; E). 

(iii) For all Banach spaces F , ^(F; E) is \\.\\ic A - dense in K.^(F; E). 

The notion of the minimal kernel of an operator ideal allows us to give another character- 
ization of the sA- approximation property. 

Corollary 3.9. Let E be a Banach space and A a Banach operator ideal. Then, E has the 
s A- approximation property if and only if K.^(F; E) = K.™ n (F; E), for all Banach spaces F . 

Proof. Since Kj± is a surjective ideal, it is left-accessible. Thus, by (TJ Proposition 25.2], 
/CJ m —To }C_a. An application of Proposition 13.81 completes the proof. □ 

The above corollary recovers the characterization of the k p - approximation property in 
terms of the ideals K v and K, p nin , see the comments below [151 Proposition 3.9]. In general, 
the approximation property does not imply the sA- approximation property. However, for 
right-accessible ideals the claim is true as it happens with the k p - approximation property [T5| 
Proposition 3.10]. 

Proposition 3.10. Let E be a Banach space and A be a right- accessible Banach operator 
ideal. If E has the approximation property, then E has the s A- approximation property. 
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Proof. If E has the approximation property, by [7J Proposition 25.11], 

(/ef n ) sur (F; E) = (K s X r ) min {F] E) = K^ m (F; E), 

for every Banach operator ideal A and for every Banach space F. Since A is right-accessible, 
applying Proposition 12.41 we see that K.^(F;E) = IC A m (F; E) for every Banach space F. 
Therefore, by the above corollary, E has the s^4.-approximation property. □ 

3.2. On the dual space E' A and the e-product of Schwartz. The classic approximation 
property has a well known reformulation in terms of the e-product of Schwartz. More pre- 
cisely, E has the approximation property if and only if E (g) F is dense in jC e (E' c ; F) for every 
locally convex space F, [2U Expose 14]. This result remains valid for the ^.-approximation 
property with a general Banach operator ideal A. We denote by C e (E' A ; F) the space of all 
linear continuous maps from E' A to a locally convex space F, endowed with the topology of 
uniform convergence on all equicontinuous sets of E' . The topology on C t (E A , F) is gener- 
ated by the seminorms j3{T) = sup x , eBEl a(Tx'), where a G cs(F), the set of all continuous 
seminorms on F. As usual, U° denotes the polar set of a set U. 

Theorem 3.11. Let E be a Banach space and A a Banach operator ideal. The following 
statements are equivalent. 

(i) E has the A- approximation property. 

(ii) E Cg> F is dense in £ e (E A , F) for all locally convex spaces F. 

(iii) E ® E' is dense in C e (E A , E' A ). 

Proof. Suppose (i) holds. Fix a locally convex space F, a continuous seminorm (3 so that 
/3(T) = sup x , £B e/ a(Tx'), where a G cs(F) and e > 0. Take T G C e (E' A ;F), then we 
may find an absolutely convex ^4-compact set K C E such that s\yp x i £K o a(T(x')) < 1. If 
U = {y G F: a(y) < 1}, then U is a neighborhood of F and T'(U°) C K. Since E has 
the ,4-approximation property, there exists a finite rank operator S such that \\Sx — x\\ < e 
for all x G K. In particular, \\Sx — x|| < e for all x G T'(U°). Then, for all x' G Be 1 and 
y' G U° we have \x'{S{T'(y')) — T'(y'))\ < e. Now, suppose that S = EJ=i^®^' with 
Xi, . . . , x n G E, x[, . . . , x' n G E', then 

n 

\y'{J2 x '(^ T ^)-T(x'))\<e, 
j=i 

for any y' G U° and x' G Be 1 - Therefore, taking R = YTj=i x j^J , { x 'j) we have f3(R — T) < e, 
which proves (ii). 

That (ii) implies (iii) is clear. To finish the proof suppose that (iii) holds. Take an 
absolutely convex ^4-compact set K C E and let be the continuous seminorm given by 
P(T) = sup x / gB , a(T), where a is the Minkowski functional of K° . Since Id G C e (E' A , E' A ), 
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given e > 0, there exist S G E®E' such that /3(S — Id) < e. Then, as above, \x'(S'(x) —x)\ < 
e, for all x' G Be> and x & K. Therefore, H^'tx) — a;|| < e for all x G K, and the proof is 
complete. □ 

A Banach space E has the classic approximation property if and only if E' c has the approx- 
imation property, [Ml Expose 14]. Aron, Maestre and Rueda show the analogous result for 
the p-approximation property [21 Theorem 4.6]. Here, we present a generalization of these 
results. 

Proposition 3.12. Let E be a Banach space and A a Banach operator ideal. Then, E has 
the A- approximation property if and only if E' A has the approximation property. 

Proof. The locally convex space E' A has the approximation property if and only if for any 
e > 0, K C E an .A-compact set and M C E' A relatively compact, there exists S G F(E; E) 
such that 

(1) \(S' - Id)(x')(x)\ < e, for all x' G M, x G K. 

The continuity of the identity map E' c — > E A — > (E', w*) says that relatively compact sets 
in E' A coincide with ||.||-bounded sets. Then, E' A has the approximation property if and only 
if in (JTJ, M is replaced by Be>, which is equivalent to say that E has the ^.-approximation 
property. □ 

Last but not least, we give a characterization of an ^4-compact operator in terms of the 
continuity and compactness of its adjoint. This result is well known for compact operators 
and was studied in the polynomial and holomorphic setting in [3]. Recall that if E and F 
are locally convex spaces and U C F is absolutely convex and closed, for a linear mapping 
T: E —7- F we have T(x) G U if and only if \y'(Tx)\ < 1 for all y' G U°, with x G E. 

Proposition 3.13. Let E and F be Banach spaces, T G C(E; F) and A a Banach operator 
ideal. The following statements are equivalent. 

(i) TeK A (E-F). 

(ii) T' : F' A — > E' is continuous. 
(hi) T' : F' A — > E' c is compact. 

(iv) T' : F' A — > E'q is compact for any Banach operator ideal B. 

(v) There exists a Banach operator ideal B such that T' : F' A — > E' B is compact. 

(vi) T' : F' A — > E' w , is compact. 

Proof. Suppose (i) holds, then T(Be) — K is ^4-compact and K° is a neighborhood in F' A . 
Thus, for y' G K° we have that ||T"(?/)|| = sup x . gBE \T'(y')(x)\ < 1, proving (ii). 

Now, suppose (ii) holds. Then, there exists a relative ^4-compact set K C F such that 
T'(K°) is equicontinuous in E' which, by the Ascoli theorem, is relatively compact in E' c , 
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obtaining (iii). Since Id: E' c — > E' B is continuous for any Banach operator ideal £>, (iii) 
implies (iv). That (iv) implies (v) and (v) implies (vi) is clear. It remains to show that (vi) 
implies (i). Let L C E' be a u>*-compact set (hence ||.| -bounded), and K C F an absolutely 
convex and ^.-compact set such that T'(K°) C L. As T'(K°) is ||.|| -bounded, there exists 
c > such that \T'(y')(x)\ < c for every y' G -K' and x G -B^. Therefore, T(Be) C cif 
which ends the proof. □ 

3.3. On the dual £" and approximation properties given by A. We present a short 
discussion on approximation properties for dual spaces and the dual ideal of K A . Recall that, 
even though E has the approximation property, the space of finite rank operators J-(E; E) 
may not be dense in the space of compact operators K,(E;F). For this to happen it is 
required E' with the approximation property. The relations between density of finite rank 
operators and approximation properties related operator ideals is not without precedent. 
See [8], Theorem 2.8] for the M p - approximation property and [TOl Theorem 2.3] for the sM p - 
approximation property. To give our result, involving a general operator ideal A, we need 
the following lemma. 

Lemma 3.14. Let E and F be Banach spaces and A a Banach operator ideal. 

(a) The set E ® F is r sA -dense in T{E'\ F). 

(b) The set E <g> F is r^-dense in T{E'\ F). 

Proof. Statement (b) follows from (a). To prove the first claim, let T G F(E';F) and 
suppose T = YTj=i x 'j®Uj with x" G E", i/j G F, j — 1, . . . , n and YTj=i Wv-jW — 1- Fix e > 
and K C E' an .A-compact set (and hence compact). By the Alaoglu theorem, there exist 
Xi, . . . ,x n G E such that sup x , eK \x"(x') — x'(xj)\ < s, for j — 1, . . . , n. Take S the finite 
rank operator, S = YTj=\ then 

m A ((T - S)(K); F) < £™ =1 m A ((x>j - x^y^K); F) 

= Ej=isup x , e ^ \x'!{x') - x'ix^WlyjW 

and the proof is complete. □ 

The A and the sA- approximation properties are determined on dual spaces by denseness 
of finite rank operators in the dual ideal of K. A , which is not a surprise at the light of the 
examples mentioned above, [8j Theorem 2.8] and [10J Theorem 2.3]. We only give a proof 
for the result concerning the sA- approximation property, so we state this result first. 

Proposition 3.15. Let E be a Banach space and A a Banach operator ideal. The following 
are equivalent. 

(i) E' has the s A- approximation property. 
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(ii) For every Banach space F , T{E\ F) is \\ ■ Wx? - dense in K A {E\ F). 

Proof. If (i) holds, fix e > and take T G JC d A (E;F). Since V G K. A {F';E') and E' 
has the s^4-approximation property, by Lemma 13. 14| there exists S G jF(E] F) such that 
\\T ~~ ^\\ic A = ~ T'\\k: a < e which gives (ii). 

Now suppose (ii) holds and take T G JC A {F;E'). By Proposition EH V G JC d A {E";F') 
and T' o J E e K, d A {E\F'). Fix e > 0, by hypothesis, there exists S G ^(E^F 1 ) such that 
\\S — T'o J E \\ K ^ < e. Since T = (Jg)' o T" o J F and 5'oJ F G JF{F] E% we see that 

US' ° - T||^ < ||5" - (T' o J e )'\\ Ka = \\S-T'o J E \\ K<k < e. 

An application of Proposition 13.81 gives the result. □ 

Finally, we have the analogous result for E 1 and the ^.-approximation property. 

Proposition 3.16. Let E be a Banach space and A a Banach operator ideal. The following 
are equivalent. 

(i) E' has the A- approximation property. 

(ii) For every Banach space F, F{E; F) is \\ • \\- dense in JC A (E; F). 
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